a B

- Powef SystemPi
: & F 7 ISSN:1674-3415

« NS

P N SR

STUDY OF DRAG ON CONDUCTING FLUID FLOW PAST AN
IMPERMEABLE CIRCULAR CYLINDER IN COMPOSITE
REGIONS WITH MAGNETIC FIELD

Gopinatha K.R.%, Gnaneshwari P?, Dhananjaya M3, Mallika K.S.*

!Department of Mathematics, Global Academy of Technology, Bangalore-560098, India.

E-mail: gopinathakr@gat.ac.in

2Department of Mathematics, Bangalore Institute of Technology, Bangalore-560004, India.

E-mail: gnaneshwarip@bit-bangalore.edu.in
3Department of Mathematics, Bangalore Institute of Technology, Bangalore-560004, India.
E-mail: dr.mdhananjaya@bit-bangalore.edu.in

“Department of Mathematics, Global Academy of Technology, Bangalore-560098, India.

E-mail: mallikaks@gat.ac.in

Corresponding author: Gopinatha K.R.
Department of Mathematics, Global Academy of Technology.
E-mail: gopinathakr@gat.ac.in

Received: 10/05/2026 Revised: 05/06/2026 Accepted: 02/07/2026
Abstract
The analytical study of viscous, incompressible, conducting fluid flow in multiple regions past and through an impermeable
cylinder embedded in a sparsely packed porous medium in presence of transverse magnetic field is presented. Modified
Brinkman equation and Stokes equation are used as governing equations. Here we have computed Tangential velocity
component, Normal velocity component, streamlines and drag coefficient. The effect of dimensionless parameters on the fluid
flow have been analyzed and presented graphically.

Key words: Modified Brinkman equation, Porous Parameter, Hartmann Number, Modified Bessel’s equations, Magnetic
permeability, Drag coefficient

INTRODUCTION

Fluid flow through or around permeable media is a fundamental phenomenon in numerous engineering and scientific
applications, including geothermal energy systems, bioremediation processes, construction engineering, and many
more. In particular, the roles of energy conversion and conservation have intensified the use of porous materials in
advanced technologies such as fuel cells, thermal insulation systems, and electrochemical batteries.

One of the most critical branches of fluid mechanics in this context is magnetohydrodynamics (MHD), which studies
the behaviour of electrically conducting fluids under the influence of magnetic fields. While the impact of MHD is
minimal in terrestrial environments such as oceans or the atmosphere due to water's weak conductivity, its influence
become profound in astrophysical and industrial contexts. Notable applications include solar wind modelling, dynamo
theory, magnetic drug targeting, and magnetic resonance imaging (MRI) technology.

In industrial applications, MHD effects are often harnessed to control fluid flow around solid structures, particularly in
the design of magnetically driven pumps, MHD generators, polymer processing, petroleum extraction, and heat
exchanger technology. Among classical problems, Hartmann flow representing the flow of a conducting fluid between
two parallel plates under a transverse magnetic field is of foundational significance and widely used as a benchmark for
MHD studies.

In this study, we consider the steady, incompressible, viscous, and electrically conducting flow of fluid over a rigid
cylinder of unit radius, which is enclosed first by a fluid region and then by a surrounding permeable medium, all
embedded within an unbounded fluid domain. The system is subjected to a uniform transverse magnetic field,
perpendicular to the direction of flow. The magnetic Reynolds number is assumed to be small, which justifies neglecting
the induced magnetic field in comparison to the applied magnetic field an assumption commonly valid for most
industrial fluids with low conductivity.
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An exact analytical solution is derived using similarity transformation techniques. The governing flow equations are
solved individually in the fluid and porous regions using Stokes and Brinkman models, respectively. The boundary
conditions include:

o No-penetration (impenetrability) at the rigid cylinder surface,
e  Continuity of velocity and stress at the interface between fluid and porous regions,
e  Asymptotic matching to a uniform free-stream velocity as r—o.

This investigation contributes to the understanding of how porosity and magnetic field strength affect flow structure
and resistance, which has practical implications in designing and optimizing fluid systems influenced by both magnetic
and porous effects.

Ri = Clear fluid region of 3=r< oo

Rz = Porous cylinder region of 2=r< 3
Ra = Clear fluid region of 1=r< 2
Cylindrical core of 0=r< 1

Physical Configuration

MATHEMATICAL MODELING

We consider the steady, two-dimensional, incompressible, viscous, and electrically conducting fluid flow past a fixed
rigid cylinder of radius r=1, surrounded successively by a clear fluid region extending up to radius r=2, and a porous
cylindrical shell extending further up to radius r=3. The entire domain is assumed to be immersed in an infinitely
extended fluid region (r<w), and the flow is subjected to a uniform transverse magnetic field perpendicular to the
direction of flow.

In many industrial and engineering applications, the working fluids typically possess low electrical conductivity and
small magnetic Reynolds numbers. Hence, the induced magnetic field is negligible in comparison to the externally
applied magnetic field. Based on this assumption, the magnetohydrodynamic (MHD) approximation simplifies, and
only the applied magnetic field is considered in the analysis.

The flow is also assumed to be axisymmetric, resulting in a simplification of the governing equations. The fluid motion
occurs in three concentric regions:

e Region R1: Clear fluid region (1<r<2)

e Region R2: Porous medium (2<r<3)

e Region R3: Outer clear fluid region (3<r<oo)

Continuity equation V-g.=0 @
Modified Stokes equation Vp, = uv?q; + uie,(q; x H) x H, )
In porous region (region Ry) the flow is characterized by the equations which are:
Continuity equation V-g;=0, 3)
Modified Brinkman equation
Vp, = AV — 545 + uj 0. (q; x H) x H, 4)
Also, the flow in clear fluid section (region Rs) is represented by the equations
V-q; =0, ()
ps = EV?q; + pho. (G5 x H) x H, (6)

In addition, the hypothesis made here is, u = u.
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We considered the cylindrical polar co-ordinates (r, 8, ¢) with the origin as a center of the cylinder. All quantities are
independent of ¢ since the flow is axially symmetric.
We introduce the following non-dimensional parameters:

T3 q prs q s q ap
ri=-, qI = 1' q; = 2' q; = 3,pf= . 1'
a Ueco Uoo Uoco HUco
x _ A1D2 x _ A1P3 T7% _ H
po=—>,p3=—— H =~ )
HUoo HUco Hop

In the view of equation of continuity, one can define a stream function v;(r, 8) (where j = 1, 2, 3 for fluid, permeable

—_ 1 Jj . —_ Y
'uj -——; 17] = ——, (8)

Removing the pressure term from the equations (2), (4) and (6) by cross multiplication method, an equation for ;
which is linear partial differential equation of 4™ order can be obtained in the form

E41!’j - szEzll’j =0, (9)
m?, j=1
where QJ2 =4{s%, j=2 forfluid, permeable and fluid sections respectively.
m?, j=3
The impenetrability conditions at the surface of the rigid cylinder is:
u;(1,8) =0, 0<86 <2m, (10)
v3(1,6) =0, 0<6 <2m. (11)
Matching interface conditions at the boundary of region R1 and region Ry,
u,(3,0) =u,(3,0), 0 <6 <2m, (12)
1,(3,0) =v,(3,0), 0 <6 < 2m, (13)
TT’B(Z)(3’ 9) = Tr9(1)(316)' 0<0<2m, (14)
Trr(z)(3' 9) = Trr(l)(3'0)' 0 <6 < 2m, (15)
Also, at the boundary of region Rz and region Rs,
u3(2,0) =u,(2,60), 0 <0 < 2m, (16)
v3(2,0) = v,(2,60), 0 <6 < 2m, @an
Tr9(3)(219) = Trg(z)(Z,H), 0<6<2m, (18)
Trr(3)(2' 9) = Trr(z)(z,e), 0 <6 <2m, (19)
Where
Tro(1) = %% + % - "T—l is the tangential stress component (20)
Trr() = —P1+ 2 aa% is the normal stress component (21)
Further, T,9(2), Trr(2) iN region Rz and 7,.g(3), T,-r(3) iN region Rs are also defined likewise as equation (20) and equation
(21).
Since u = u, we have
p.(3,0) =p.(3,6), 0 <6 < 2m, (22)
p3(2,0) =p,(2,0), 0 <0 <2m. (23)
Further, the stream function for constant flow away from the boundary is:
1/)1(1",0)=(r—%)sin9, 3<r<oo. (24)
From the equations (1) and (2), velocity components in region R:
Uy ~cosf, v~ —sinfasr — oo, (25)
Therefore, the equation (2) becomes,
Y, (r,0)~rsin, asr - oo. (26)

SYSTEM OF SOLUTION

An equation (4) suggests the similarity solution to the equation (9) as:
Y;(r,0) = f;(r) sine, (27)

where j = 1, 2, 3 for fluid, permeable and fluid regions.

Solving equation (9) using equation (27), we obtain ordinary differential equation of 4" order as,
A 2 om 3 4 3 ! 3 " 1. 1
Y2 =+ 5 = fi= 0P (42— h) =0 @8)
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m?, j=1
where Q]2 =<s?, j=2 forfluid, permeable and fluid regions respectively.
m? j=3

The corresponding no-slip and interface boundary conditions in terms of f;(r), from the equations (12) to (21) are

given as in the equations
No-slip condition at the surface of the rigid sphere is expressed by:

£ =0, (29)
f'(M) =0, (30)
and at the interface of region R; and region Ry, the boundary conditions are,
£(3) =£@3), (31)
f2’(3) = f1,(3): (32)
£'3)=£"®3), (33)
"3 —a,'3) =" (34)
also at the interface of region R, and region R, ,
f:(2) = f>(2), (35)
'@ =£'@, (36)
f:"(2) = £"(2), @37)
") —a?f,' () = f"(2). (38)
The uniform speed far from the boundary, the equation (26) becomes
fi(r)~r as r — oo, (39)
Take the substitution, p;(r) = f;"(r) + % i) - riz Q) (40)

to reduce ordinary differential equation of 4" order into 2" order. Here suffix j takes the values from 1 to 3 which
represents the solution respectively in fluid, permeable and fluid regions.
Using the equation (40) in the equation (28), we get

14 1 ! 1

Py +2p)() = 12 + 3| =0 (41)

m?, j=1
where QF =4s?, j=2

m?, j=3
Equation (41) represents modified Bessel’s differential equation of order one, whose general solution is given by:
where C; and D; are arbitrary constants. From the equations (40) and (42), we get

n 1 !
f0) +=£) = = £0) = GK(Qr) + DI (Q;r) (43)

which is ordinary differential equation of 2™ order involving the variable coefficients which can be solved by variation
of parameters method and gained the general solution as

B .
fi@) = A+~ + GK(Q;r) + D;1(Q;7) (44)
Therefore, the solutions of equation (44) for fluid, porous and fluid region respectively are given by,
filr) = A;r + % + C,K(mr) + DI(mr),3 <r <o (45)
fo(r) = Ayr +% + C,K(sr) + D,I(sr), 2 <r <3, (46)
f5(r) = AsT + 2+ CK (mr) + Dyl (mr), 1 < 7 < 2 47)

As r - oo, [(Mr) - o inregion Ri. Hence D, = 0 and further from the equation (39) we get 4, = 1, Therefore Eq.
(45) reduces to:

fi(r) =r+%+C1K(mr),3 <r<oo, (48)
Thus, the stream function in fluid, permeable and fluid regions are given by,
Y(r,0) = (r + % + ClK(mr)) sin@, (49)
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Y,(r,0) = (Azr +24 C,K(sr) + Dzl(sr)) sin@, (50)

Ps(r,0) = (A3r + =2+ C3K(mr) + D3I(mr)> sin@, (51)

where B;, Cl,AZ,BZ,CZ,DZ,A3,B3,C3 and D5 are the arbitrary constants which are found with the help of boundary
conditions mentioned from the equations (29) to (38).
The shearing stress at some point on the surface of the cylinder is given by

_ a (v 10u
o =i (rg:(5) +35) (52)
On non-dimensionalising, equation (52) reduces to
Trg _ 10u 9 (v
WTOO a (r a6 tr ar (r)> (53)
itUoo B 1 K1 (mr) " .
Trgiz—”c <3r—;—;+C1( M+K1 (mr)m? ))sm@ (54)
4B ,, K1 (ST)S
g — 28, + G |5 (17 (s) — )] +
_ MU .
Tre, = - D, [( 211/ (sr) — K1(5r)s)] sin 6. 65)
24— 245 + Gy [m? (1 (mr) - S22 4
MU .
Trgs = ——— ' K] sin 8.
03 c D, [(m211 (mr) — 1(7:7“)771)] (56)

The equations (54)-(56) represent shearing stress equation for fluid, porous and fluid region respectively.

SOLVE FOR THE DRAG FORCE

The drag force F; for an impermeable cylinder of radius ‘a’ embedded in a porous medium can be calculated by

2 .
Fo=J; i fon{(frg)r:a} R?sin 6 dpd0
integrating the stresses over the impermeable cylinder as

(57)
Substituting equation (54) -( 56) in equation (57), we get:
Ftl = 47[[1U°°a61 th = _47-[le00an Ft3 = —47T[1U00aG3 (58)
Further, the drag coefficient is given by:
— Fti
Cp = vt (59)

Substituting equation (58) in equation (59), we get:
Drag co-efficient in fluid region
166G,

Cp, = R (60)
Drag co-efficient in porous region
Cp, = gcz (61)
Drag co-efficient in fluid region
Cp, = 203 (62)
where R, = M is Reynolds number.

1 Kl(mr)m

_1_
r3

+ K" (mr)m? )) (63)

(432 4-24,+0C,|s [ HOE @)] +

_uU

21”(57') Kl(ST)S)] (64)
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Gz = _T\ D, [(mZI{’(mr) _ K{(r:r)m)] / (65)

Flow Past an Impermeable Cylinder in a Porous Medium
(Drag Force)

Shear stress on the surface
of the cylinder (r = a)

. ===p8 Tro
.- '1/ g 1
\\ «
A\ 4
Drag Force F, i 2

\

2
Fp = f %,0(a, 9)ad®
0

3

Drag Coefficient

R, :2<r<3
(Porous Medium)

F,
3 PUZ(2a)
R,:3<r<ow _ 16G
o s x (Fluid) Re

Ry:1sr<2 R, :2=<r<3 Ry i3 S < ied
s Ziar I s

(Porous Medium)

Variation of Tangential Velocity for Different Values of m and o
(Re = 10, s = 2.0, Region R;: 1 <r <2)

(a) Effect of Hartmann number m (b) Effect of porous parameter o
(o = 2.0 fixed) (m = 2.0 fixed)
2.0 T T T T 2.0 T T T =
m (o2
0.0 (No magnetic field) 0.5
15 | ot (1) 1:5' weremine- 1507 141
210 e )
s e .
. ) [ 0 SRR AR e s e, e | SRR o L0 Focccfroscagussccanerc i MG ccsccnaenisdanssanaassd pasaiins 4.0 |4
& &
2 2
o D
> 0.5 5 > 05 1
= =
= =
g g
oo o0
g 0 il 5 0 =
= =
Increasing m Increasing o o
(Stronger magnetic field) . (Higher porous resistance) “x_‘\
=0.5 | =05 | g
-1.0 " L L L ~1.0 1 1 1 L
1.0 1.2 1.4 1.6 1.8 2.0 1.0 1.2 1.4 1.6 1.8 2.0
Radial distance, r Radial distance, r
> Tangential velocity decreases as Hartmann number m increases. > Tangential velocity decreases as porous parameter ¢ increases.
> Stronger magnetic field (higher m) suppresses the flow and > Higher porous resistance (higher o) offers more resistance to
reduces the tangential velocity. the flow and reduces the tangential velocity.
> Velocity profile becomes flatter and the peak value decreases » Velocity profile becomes flatter and the peak value decreases
with increasing m. with increasing o.
! Note: vg=0at r =1 (no-slip on the cylinder surface) and vy becomes negative near r = 2 due to the outer flow.
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Figure.1 Streamlines for fixed ¢ = 5 and varying m
(i) m =0.001 (iym=6 (iiym=10 (iv) m = 20.
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(iii) (iv)
Figure. 2 Streamlines for fixed m = 0.01 and varying values of o
(o=5 (i) o =55 (i) o =6 (iv) 0 = 6.4
12 T T T T T T T T T T T T T T T T T T T T T
R3: Clear fluid 3 R,: Porous R, : Clear fluid region (3 <r < x)
region (1 <r<2)  region (2 <r<3)
|
i
| m=>5
08 // og=4
/ m — 10
v
o6 L m =15 ]
04 -
02
| (@)
0.0 | L 1
1 2 3 4 5 6
r
- Rz: Clear fluid R:: Porous R;: Clear fluid regioln (3 <r <o)
| region (1 <r <2) region (2 <r < 3)
og=3 m=2>5
o =
v o =6
i i (b)
20 : : s s
1 2 3 4 5 6

™
Figure. 3 Variation of tangential velocity for different values of m and o
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| R3: Clear fluid !Rz: Porous region :,Rl: Clear fluid reglion (B3<r<ow
region (1<r<2) i(Z <r<3) :
0.6 - i
u
6
r
0_8 T T T T , T T T T ‘ T T _ T T T T T T T T T T
R3: Clear fluid i Ry: Porous region | R;: Clear fluid region (3 <r < w)
[region (1<r<2) | (2<r<3) ; |
06 f ' i
! m=5 ]
u L // g=13 _
04 i// »0=5 7
i ; N 6 1
02 - § .
I | (b)
0.0 1 1 1 1 I: 1 1 1 1 i 1 1 1 1 | 1 1 1 1 | 1 1 1 1
1 2 3 4 5 6

Figure. 4 Variation of normal velocity for different values of m and o
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Drag Coefficient versus Reynolds Number
(Fixed Hartmann Number m, Different Porous Parameter s)

10? . . \ - . .
Fixed Hartmann Number
m=2.0
(Other parameters fixed)
Porous Parameter, s

10! I —&— s = 0.5 (Low porous resistance)
UQ —&— s=1.0
‘E.\ —h— s=20
2 ——35=30
()
E —%— s = 4.0 (High porous resistance)
g
&)
o0 ol
g 10
a

Increasing s
(Higher porous resistance) ¢ 4 4 4 4
+ +* * * *
10—1 1 1 | L
107! 10° 10! 10? 10°

Reynolds Number, Re

> Drag coefficient decreases with increase in Reynolds number for all porous parameter values.
> For a fixed Hartmann number (:n = 2.0), the drag coefficient decreases as the porous parameter s increases.
> Higher porous parameter s (higher porous resistance) offers greater resistance to the flow, reducing the drag.

Figure.5: Drag co-efficient for fixed Hartmann number m and different values of porous parameter O .

Drag Coefficient versus Reynolds Number
(Fixed Porous Parameter, Different Hartmann Number m)

10% - . ;

i Fixed Porous Parameter

L s=2.0

: (Other parameters fixed)

I Hartmann Number, m

101 L —&— m = 0.0 (No magnetic field)
QQ i —=— m = 1.0
e i —h— m = 2.0
k= I ——m =30
é | —k— m = 5.0
> L
(=3
&)
20 0l °
S 100}
a L
Increasing m
H (Stronger magnetic field)
107! ! L 1 |
107! 10° 10! 107 103

Reynolds Number, Re

> Drag coefficient decreases with increase in Reynolds number for all m.
> For a fixed porous parameter (s = 2.0), the drag coefficient decreases as the Hartmann number m increases.
> Stronger magnetic field (higher m) suppresses the flow and reduces the drag.

Figure.6: Drag co-efficient for fixed porous parameter O and different values of Hartmann number m
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RESULTS AND DISCUSSIONS

This section presents a comprehensive analysis of the flow behavior, streamline patterns, velocity components, and drag
coefficient for an incompressible, viscous, and electrically conducting fluid flowing around a rigid cylinder, influenced
by an external magnetic field and a surrounding porous medium. The modified Stokes and Brinkman equations are
employed to model the flow in the clear and porous regions, respectively. The exact solutions are obtained using
similarity transformations and expressed in terms of modified Bessel functions. The influence of key non-dimensional
parameters such as the Hartmann number ‘m’ and the porosity parameter o is analyzed.

Streamline Performance under Magnetic and Porosity Effects
The effect of magnetic field strength and porous permeability on the fluid flow is studied through streamline plots.
When the porosity parameter is increased to 6=5 and the magnetic field is negligible (m=0.001), the resistance offered
by the porous medium significantly reduces fluid penetration, resulting in weaker streamline intensity in the porous
region (Figure 1(i)). With increasing magnetic field, fluid re-entry into the porous region is enhanced, and streamlines
once again begin to encircle the solid cylinder (Figures 1(ii)—(iv)).

Conversely, for fixed low magnetic field m=0.01, increasing the porosity parameter from 6=5 to 6=6.4 reduces the
permeability of the porous region. As a result, fluid penetration decreases and flow recirculation or circulatory motion
becomes prominent within the porous region, as shown in Figures 2(i)—(iv).

Tangential and Normal Velocity Distribution

Tangential velocity profiles are examined along the line 6=mn/2 across the three regions: clear fluid (inner and outer) and
porous medium. For fixed o =4, increasing the magnetic field suppresses velocity in the porous region due to the Lorentz
force, while velocity recovers in the outer clear fluid region. The velocity profile assumes a parabolic shape, with the
maximum occurring in the mid-porous region and minima at the solid core (no-slip condition) and fluid—porous interface
(matching condition), as shown in Figure 3(i).

For a fixed magnetic field m=5, increasing ¢ leads to reduced velocity due to diminished permeability. This confirms
that the porosity parameter plays a significant role in moderating the velocity field (Figure 3(ii)).

Normal velocity variations are analyzed along 6=n/4 for both increasing Hartmann number and porous parameter. With
higher magnetic fields, the normal velocity decreases within the porous zone, slightly increases near the interface due
to continuity constraints, and again decreases in the outer region. A similar pattern is observed for increasing o, where
the fluid’s ability to penetrate and circulate within the porous region is reduced (Figures 4(i) and 4(ii)).

Drag Coefficient for Fixed Hartmann Number m and Different Values of Porous Parameter ¢, and vice versa
The figure 5 illustrates the variation of the drag coefficient C,with Reynolds number Re for a fixed Hartmann number
m and different values of the porous parameter o.

It is observed that the drag coefficient decreases monotonically with increasing Reynolds number for all values of the
porous parameter o. At low Reynolds numbers, viscous effects dominate the flow, resulting in higher drag coefficients.
As the Reynolds number increases, inertial effects become more significant, leading to a reduction in drag.

The influence of the porous parameter o is also clear from the figure 5. For a fixed Reynolds number, the drag coefficient
decreases as the porous parameter increases. The curve corresponding to the smallest porous parameter exhibits the
highest drag coefficient, whereas the curve corresponding to the largest porous parameter gives the lowest drag
coefficient.

Physically, a larger porous parameter corresponds to higher permeability resistance within the porous layer. The porous
medium absorbs a greater portion of the fluid momentum and suppresses fluid motion near the cylinder surface.
Consequently, the velocity gradients and wall shear stresses are reduced, leading to a lower drag force acting on the
cylinder.

Furthermore, the separation between the curves is more pronounced at lower Reynolds numbers and gradually

diminishes at higher Reynolds numbers. This indicates that the influence of the porous parameter is strongest in the
creeping-flow regime and becomes less significant as inertial effects dominate the flow field.

#2026 RA54 BRES DOI: 10.46121/pspc.54.3.20
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Therefore, the results demonstrate that increasing the porous parameter effectively reduces the drag coefficient of the
cylinder, while increasing the Reynolds number further enhances this drag-reduction effect.

For a fixed magnetic field strength (m), increasing the porous parameter (o) reduces the drag experienced by the
impermeable cylinder embedded in the porous medium. This demonstrates the effectiveness of the porous layer in
controlling and reducing hydrodynamic drag.

Conversely, the drag coefficient (Cp) decreases with increasing Hartmann number (m) for a fixed porosity parameter
(o). This reduction indicates lower fluid drag in the porous region due to the enhanced magnetic damping effect, as
shown in Figure 6.

Main Observations

o Cpdecreases with increasing Reynolds number Re.

o For fixed Hartmann number m, Cpdecreases as a porous parameter increases.
e Maximum drag occurs for the smallest value of o.

e Minimum drag occurs for the largest value of o.

¢ The effect of o is more significant at low Reynolds numbers.

¢ At high Reynolds numbers, all curves tend to approach nearly constant values.
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