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ABSTRACT: 

Accurate and robust satellite orbit determination is essential for space missions, navigation, and remote sensing. 

This paper presents a comparative analysis of three nonlinear state estimation techniques like Extended Kalman 

Filter (EKF), Particle Filter (PF), and the Alpha Filter (AF) focusing on their performance in estimating satellite 

position and velocity under noisy conditions. A simulated orbit scenario for Low earth orbit (LEO) is used, with 

Gaussian noise added to sensor measurements to introduce real-world uncertainties. Here, the Satellite orbit-

determination (OD) process is described and presents the results of numerical simulation of Satellite orbit 

estimation using Alpha Family Method Approximation estimators (AFMAE’s). Additionally, a proposed observer 

for a nonlinear continuous time dynamic system makes use of the corresponding matrix Riccati type differential 

equation and gain from the theories of the AFMAE. Then, the condition for the local asymptotic stability for the 

error dynamics of the observer is derived using the Lyapunov energy (LE) functional. AFMAE-based sensor data 

fusion methodology is introduced. A data fusion scheme that utilizes the AFMAE’s for unified state model (U7) 

and inertial coordinate set (IC6) orbital trajectories is presented in state vector level fusion (SVF). State vector 

level Data fusion is illustrated by implementing two AFME’s. All the filtering schemes and data fusion algorithms 

have been validated using simulated data generated in MATLAB.  

Keywords: Satellite orbit determination, Alpha Family Method Approximation estimators, sensor data fusion, nonlinear 

observer, Lyapunov energy functional and state vector level fusion. 

INTRODUCTION 

 

Non-linear filtering is a computational tool that is extensively needed to estimate the states of a stochastic 

dynamic-system. The vast applications of non-linear filtering include Aircraft parameter estimation, Satellite Orbit 

Determination, object tracking, weather prediction, process control and so on. Kalman filter provides an optimal 

solution for a system linear with additive Gaussian noise assumption. However, there is no analytical solution for 

non-linear systems as the underlying Bayesian integrals are very complicated to solve. In this scenario, appropriate 

approximations are required to obtain a suboptimal solution. Suboptimal solutions are associated with a possibility 

of improvement. State estimation involves predicting the internal state of a dynamic-system (e.g., position and 

velocity of a satellite) based on noisy measurements and possibly uncertain dynamics. The goal is to estimate the 

system true states accurately as possible given the available information. [1-10] 
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Fig. 1. Orbit Determination Process [1] 

Fig. 2.  

Orbit determination (OD), which aims to accurately estimate a satellite's ephemeris at a chosen epoch, is essential 

to satellite missions. For non-linear systems, like the non-linear dynamic model of satellite-orbit motion, the 

filtering method employed in the OD-system is appropriate. As shown in Figure 1, an orbit determination system 

normally consists of a filter subsystem, model subsystem, and sensor subsystem. To measure and process the 

initial measurements, which are functions of state variables, the sensor subsystem includes sensing devices such 

a magnetometer, earth sensor, and star sensor. State and measurement models are among the estimated data 

produced by the model system. The best algorithms for filtering methods in the filter subsystem process data from 

the model and sensor subsystems before estimating state variables. [11-20] 

 

Three primary techniques are employed in satellite OD systems: extended Kalman filter (EKF), unscented Kalman 

filter (UKF), and unscented particle filter (UPF). The Taylor-series analytical expansion of the measurement 

equations and non-linear systems serves as the foundation for the EKF. It operates on the premise that a Gaussian 

random variable approximates the state distribution. However, because of the ignored nonlinearities, the Taylor-

series approximations in EKF create significant inaccuracies. The UKF has the drawback of not being applicable 

to general non-Gaussian distributions. It does this by using the real non-linear model and a collection of sigma 

sample points generated by the unscented -transformation to represent the covariance and mean of the state. A 

flexible and principled method for estimating nonlinear states in uncertain situations is the Alpha Filter. Satellite 

navigation, orbit prediction, and other aerospace applications involving multiple sensor fusion and unpredictable 

dynamics are particularly well-suited for its ability to seamlessly transition between optimality and robustness. A 

member of the α-family of nonlinear estimators, the Alpha Filter, also known as the Alpha Estimator, generalizes 

and combines different filtering techniques using a configurable parameter α∈ [0,1]. Because of its ability to 

operate in uncertain, nonlinear, and possibly non-Gaussian systems, it is very helpful in intricate applications such 

as determining the orbit of satellites. [21-30]. 

 

The AFMAE is a versatile and robust method used in the field of state estimation for dynamic systems. It is 

particularly valuable in scenarios where the systems are nonlinear, and the noise involved is non-Gaussian or 

where traditional linear filters like the Kalman Filter may not perform optimally. The Alpha Family 

Approximation Estimator is a generalization of several estimation techniques, offering a range of methods 

depending on the parameter alpha α chosen. The parameter-α controls the balance between the prediction from 

the system model and the correction based on new measurements. 

 

ALPHA FAMILY METHOD APPROXIMATION (AFMA) 

 

A known characteristic function (CF) that is dependent on a limited number of unknown parameters is used in the 

AFMA in place of the unknown CF. A series of equations are then constructed and solved for the unknown 

parameters using the provided equation for the CF. The steps are as follows: 

 φk(, µ) is replaced by the function φk(, µ, αk). 
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 The pdf  𝑝𝑘(𝑥, 𝑥̃) is replaced by 𝑝𝑘−1(𝑥, 𝑥̃, 𝛼𝑘−1) that is required to assess the expectation but is not explicitly 

stated in the CF equation. 

 Derivation for representing the moments of the random vector [𝑥𝑇(𝑘)𝑥̃𝑇(𝑘)]𝑇and after differentiating with 

respect to  and µ. Then the resulting equation is substituted at  = 0 and µ = 0. 

 Since the alpha family is the basis for these moments, the difference in equation in the sequence of αk can 

be obtained. 

  The necessary moments for estimating a recursive form are obtained by representing αk by the moments set 

of the vector [𝑥𝑇(𝑘)𝑥̃𝑇(𝑘)]𝑇up to a given order. 

 

The differential/difference equation (DDE) for the moments will typically be unbounded. In engineering practice, 

knowing only the first two moments of the distributions is sufficient. The selection of this pdf also affects 

correctness, and the alpha family parameters dimensions must match the moments total number, that describes 

the pdf. For a particular class of control issues, this PDF is assumed to be Gaussian. [ [9] [10] 

      Let the dynamic model of the system be as follows: 

 
The Ito Stochastic differential equation (ISDE) 

 
                                                                                                                                                                                            

(4) 

 x(t) is the state vector, which includes position and velocity. 

 f(x, t) is the deterministic part of the state transition. 

 g(x, t) is the process noise matrix. 

 v(t) is the process noise. 

z(t) is the measurement vector. 

h(x, t)  is the measurement function. 

q(x, t) is the measurement noise matrix. 

w(t) is the measurement noise.                                                                                                                                               

The estimator/estimation belongs to the class of allowable estimates as defined by [1] 

𝑥̂(𝑡) = 𝐶𝑦(𝑡)                                                                                                                                                                          (5) 

𝑑𝑦 = 𝐺𝜉(𝑦, 𝑧, 𝑡)𝑑𝑡 + 𝐾𝜁(𝑦, 𝑧, 𝑡)𝑑𝑧 + 𝑏𝑑𝑡                                                                                                                            (6) 

In (5), and (6) we have: 

 a) ‘C’ as a constant matrix of suitable dimensions, the estimate of x can be expressed as a linear function of y. 

 b) G, K are the gain matrices of suitable dimensions;  

c) 𝜉(. ) is the pre-assignable vector valued function  

d) 𝜁(. )is the pre-assignable matrix valued function; and 

 e) ‘b’ is the gain vector. The latter can be regarded as the bias vector that is also unknown and gets estimated 

along with the filter solution. The functions in (4) determine the structure of the Pugachev’s nonlinear estimator 

along with the proper choice of the constant matrix C. By applying the mean square error (MSE) minimization 

criterion, the time-dependent gains G, K, and ‘b’ are determined using the following formulas:  [11]          

                                                                                                                                            (7) 

with 

https://pspac.info/index.php/dlbh/article/view/368


 

年 2026 體積 54 問題 2  
507 DOI: 10.46121/pspc.54.2.41 

 

                                                                                                                               (8)                                                                                                         

The first two moments for the system generated by a non-linear function, such as f(x,t), is divided into its 

constituent parts using the alpha family technique, which yields the following equations: 

mẋ = Fd + Amx +E[fNL]                                                                                                                                                    (9) 

Ṗ=(A+B)P+PT(A + B)T + F + FT + Q                                                                                                                                (10) 

Where mx = Expectation of x, E{x} 

Fd = Determinate function independent of (x-mx) 

A = State x's linear function 

B = Linear function in (x-mx) 

P = Correlation movement matrix 

R=measurement noise covariance matrix 

F = E{fNL(x-mx))T} 

fNL = Nonlinear components of f 

Q = The variance (or intensity) associated with the noise process w(t) 

Time updates 

Computation of the gains is based on the one-dimensional joint characteristic function φ(.). The vector processes 

x, z, and y is given as joint characteristic function  

 
Where 𝜓(𝜆, x, t) partial derivative value of the characteristic function. 

∅𝑘(𝜆, µ, 𝛼)of the random process 

 
Measurement update 

𝑥̂+(𝑡 + 1) = 𝛼𝜉 + 𝛽𝜁𝑧 + 𝛾                                                                                                                                               (16) 

Where 𝛼, 𝛽𝑎𝑛𝑑 𝛾 are optimal gains 

Next, applying the notion of MS error estimation 

 
Intermediate gains 
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LYAPUNOV STABILITY ANALYSIS FOR THE ALPHA FAMILY METHOD APPROXIMATION 

ESTIMATOR 

 

For the system of (1) a nonlinear observer is given as, 

 
The state estimate is updated at discrete time steps tk according to equation (16) by the AFMA estimator: 

Define the estimation error as: 

 
Gain of the filter 𝐿 = 𝑃𝐻𝑅−1                                                                                                                                                  (24) 

The linearization of the system dynamics is: 

 
Substituting these into the error dynamics yields: 

 
 To determine the convergence condition of the observer error equation (29) Lyapunov-Krasovskii’s approach is 

used, for which the following equations are used:  

In general, the error state is denoted as: 

e(t + 1) = G e(t)                                                                                                                                                               (30) 

The Lyapunov energy function (LEF) be defined as  

V(e(t)) = (eT(t)) Y(t) e(t))                                                                                                                                             (31) 

Y(.) in (25) is a positive definite matrix for the information matrix (the inverse covariance matrix of P) and uses 

the derivative of the LEF in the following expression: 

Δ{V(e(t))} = V(e(t + 1)) − V(e(t))                                                                                                                              (32) 

The observer error dynamics convergence is determined, using the LEF (continuous time domain) time derivative 

and searching for circumstances that make this time derivative negative definite, the comparable convergence 

analysis is performed in the continuous time case.as shown in (29).  

Substituting for V(.)s’ in (26) to obtain  

                                                                                                          (33) 

The observer error dynamics convergence requires the "derivative" term of the error to be negative definite, 

Δ{v(e(t))} = −eT(t)[−(GTYG − Y)] e(t)                                                                                                                                  (34)                               

The condition of the observer error dynamics convergence is as follows:  

 −[𝐺𝑇𝑌𝐺 − 𝑌]= 𝑌 − 𝐺𝑇𝑌𝐺                                                                                                                                                      (35) 

Equation (29) is positive definite (PD). The following condition is true for the magnitudes of the terms involved      

            |𝑌 − 𝐺𝑇𝑌𝐺| > 0                                                                                                                                                                       (36)              

The matrix magnitude is measured by its norm, the final condition is 

https://pspac.info/index.php/dlbh/article/view/368


 

年 2026 體積 54 問題 2  
509 DOI: 10.46121/pspc.54.2.41 

 

‖𝑌 − 𝐺𝑇𝑌𝐺‖ > 0   ‖𝐺2‖ < 1                                                                                                                                                  (37) 

The convergence condition is derived from the observer’s error dynamics of (32) is got in the form of (37) to 

define certain bounds as follows:                                             

 𝑃𝑙 ≤ 𝑃(. ) ≤ 𝑃𝑢   is the range of the steady state solution                                                                                                       (38) 

𝑃𝑢 , 𝑃𝑙  are positive numbers. The positive definite/ symmetric (PD) matrix is P(.). 

The terms A, B, V, G, Q and R is bounded as 

‖𝐴‖ = 𝑠 ; ‖𝐵‖ = 𝑏; ‖𝐺‖ = 𝑔 ; ‖𝑉‖ = 𝑣; ‖𝑅‖ = 𝑟 ; ‖𝑄‖ = 𝑞;  ‖𝐼‖ = 𝑖                                                                                        
(39)                                               

The ‘𝑝’ variable is a scalar factor that represents the upper bound of the related nonlinear function. 
‖𝑃‖ = 𝑝                                                                                                                                                                                      (40) 

In order to simplify the error dynamics, the following bounds on the norms of matrices H is required:  

‖𝐻𝐻𝑇‖ = ℎ;  and the norm of error is given by  ‖𝑒(𝑘)‖ = 𝜀                                                                                                   (41) 

 Eqn(23) is the observer’s error dynamics derived in the form of 

‖𝑒(𝑡 + 1)‖ = (𝑖 − 𝛼𝑠 −
𝑝ℎ𝑏

𝑟
)𝜖 + 𝑔𝑣 + 𝑞𝑣                                                                                                                               (42) 

‖𝑒(𝑡 + 1)‖ = ‖𝐺‖‖e(𝑡)‖                                                                                                                                                         (43) 

The terms in (37) is replaced by their norms as follows 

‖𝑒(𝑡 + 1)‖ = [(i − αs −
𝑝ℎ𝑏

𝑟
) + (

𝑣(𝑔+𝑞)

𝜖
)]‖e(𝑡)‖                                                                                                                   (44) 

Substitute all the bounds from (42) and also simplify the resultant expression, and use the error norm definition, 

to obtain: 
‖𝑒(𝑡 + 1)‖ = ‖𝐺‖‖e(𝑘)‖                                                                                                                                                        (45) 

Compare Equations (44) and (45) to get 

‖𝐺‖ = [(𝑖 − 𝛼𝑠 −
𝑝ℎ𝑏

𝑟
) + (

𝑣(𝑔+𝑞)

𝜖
)]                                                                                                                                          (46) 

Taking the principal (positive) square root of 1and applying the condition of (37) to get,  

‖𝐺2‖ = [(𝑖 − 𝛼𝑠 −
𝑝ℎ𝑏

𝑟
) + (

𝑣(𝑔+𝑞)

𝜖
) ]2 < 1                                                                                                                             (47)                             

[(𝑖 − 𝛼𝑠 −
𝑝ℎ𝑏

𝑟
) + (

𝑣(𝑔+𝑞)

𝜖
)]  < 𝑠𝑞𝑟𝑡(1) = ±1                                                                                                                       (48)                                            

Consequently, the observer's error dynamics convergence condition is derived as 
𝑣(𝑔+𝑞)

𝜖
 < 1 − (𝑖 − 𝛼𝑠 −

𝑝ℎ𝑏

𝑟
)                                                                                                                                                  (49) 

         In (49) all the coefficients are well defined and are the positive bounding constants in (48). The condition of 

(49) means that, the Lyapunov energy functional's differential in equation (34) would be negative definite, the 

error would (asymptotically) reach zero as the observer error dynamics converge. Since the observer error 

dynamics made use of the Alpha Family Method Approximation Estimator's gain and covariance matrix, this 

further proves that the estimator would likewise converge. This is a new method of using the deterministic 

observer to prove the asymptotic stability of the discrete time AFME.  

 

DATA FUSION SCHEME WITH THE ESTIMATORS  

 

The continuous observer's and the AFMA estimators-based data fusion scheme's performances are assessed 

through MATLAB simulation. The results demonstrate that the nonlinear observer behaves asymptotically and 

the convergence properties of data fusion scheme. This contribution has a novel feature in the form of this kind 

of validation study. Using the gain from the theory of AFMA, a nonlinear observer for continuous time systems 

is described. It also makes use of the matrix Riccati type differential (RTD) equation, which is required for the 

gain computation [12] .The asymptotic stability result for the observer is derived using the Lyapunov energy 

functional (26). The performance of the nonlinear observer is demonstrated by implementing these algorithms in 

MATAB.  

 

Let the dynamic model of the system be the following: 

An approximation method for nonlinear filtering is the Alpha Family Estimator. The two-state estimation can be 

structured as foliows:  

 

State Prediction (One-Step Ahead): 

x̂+(tk+1) = x̂(tK) + αf(x̂(tk), tk) + L(z(tk) − h(x̂(tk), tk))                                                                                         (54) 

Where Alpha α is a parameter in the Alpha Family method, typically between 0 and 1. 

L is the gain matrix (analogous to the Kalman gain but derived using the Alpha Family method). 
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𝑥̂(𝑡𝐾) is the estimated state at time 𝑡𝑘. 

Error Covariance Propagation: 

P(tk+1) =  (I − α∆tA(tk) − LB(tk))P(tk)(I − α∆tA(tk) − LB(tk))
T

+ LRLT                                                           (55) 

P(𝑡𝐾)) = the error covariance matrix at time 𝑡𝐾. 

R = the measurement noise covariance matrix. 

 

Alpha Family Estimator: 

The AFMA Estimator adjusts the update step based on an alpha parameter, which can vary from 0 to 1 to control 

the degree of filtering. 

xi
(k)

= αxi
(k)

= (1 − α)h(zk)                                                                                                                                        (56) 

where α controls the influence of the prediction versus the measurement. 

 

Satellite Orbit Determination 

A satellite's (elliptical) orbit is described by classical orbital parameters, which use six elements and an earth-

centered inertial frame. The semi major- a and semi minor axes- b, eccentricity - e, inclination -i, argument of 

perifocus - ω, argument of ascending node - Ω, and true anomaly - υ (characterizes the satellite's current position) 

are the components that define the orbit's size, shape, and orientation. The angle, which represents the true 

anomaly, is calculated in the orbital plane between the satellite's present position and the perigee in the direction 

of motion. These parameters offer a straightforward and simple way to visualize the orbital route as shown in 

Figure 2. [13] [14] 

 

 
Fig. 3. Characterization of ideal orbit and the satellite position by Keplarian elements (a,e,i,Ω,ω and υ) 

[14] 

 

Inertial Coordinates 

This set of parameters is frequently used in actual orbit computations due to the relatively well-defined nature of 

inertial coordinates. The orbit in this set is entirely determined by the inertial frame components of the position 

and velocity vectors. The orbital trajectory dynamics for this set of inertial coordinates (IC6) have the state-space 

representation shown below: 
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𝑑

𝑑𝑡

[
 
 
 
 
 
𝑥
𝑦
𝑧
𝑣𝑥

𝑣𝑦

𝑣𝑧]
 
 
 
 
 

=

[
 
 
 
 
 
 
 

𝑣𝑥

𝑣𝑦

𝑣𝑧
−𝜇

𝑟3𝑥
+ 𝑎𝑥

−𝜇 

𝑟3𝑦
+ 𝑎𝑦

−𝜇 

𝑟3𝑧
+ 𝑎𝑧 ]

 
 
 
 
 
 
 

                                                                                                                                                            (57) 

In this case, the Inertial coordinate components (ICC) of r, the (slant) range, are x, y, and z. The ICC of the 

satellite's velocity are vectors 𝑣𝑥 , 𝑣𝑦 and 𝑣𝑧 . The earth's gravitational parameter is vector v,μ, and the ICC of the 

perturbing accelerations are 𝑎𝑥 , 𝑎𝑦 and 𝑎𝑧 . Compared to the traditional set (C6), the IC set is far more valuable 

because it directly obtains the satellite's position and velocity . However, the equations of motion integration 

necessitate a tiny step size because all six of IC6's properties vary rapidly. [15] 

 

Unified State Model 

An attitude dynamics and satellite's orbital trajectory are defined uniformly in the unified state model (USM) [3]. 

Unlike the traditional position space, the USM is based on the velocity space orbit description. The orbital 

mechanics in the position space are described by the C6 and IC6. In the velocity space, the circular, elliptical, 

parabolic, and hyperbolic orbits which are shapes in the position space become circular-hodographs. Interestingly, 

as the orbital energy level varies, the velocity space map or hodograph maintains its geometric invariance. This 

means that singularities (undefined parameters) will not occur in the orbital states caused by perturbing forces. 

Due to their regularization, these velocity space parameters provide a significant computational advantage. 

Nevertheless, this set is unable to reflect the deep mission type (rectilinear) and retrograde orbits. The coordinate 

variables in this set are the Euler parameters, while the state variables (U7) are the momenta. The radial and 

angular momenta determine the Cand R velocity state parameters: 

𝐶 =  𝜇/ℎ𝑠                                                                                                                                                                          (58) 

                𝑅 = √𝑣𝑟
2 + ((

ℎ𝑠

𝑟
) − (

𝜇

ℎ𝑠
))2                                                                                                                                (59) 

In this case, v stands for radial velocity and h for particular angular momentum. The four Euler parameters, which 

are the coordinate variables in this instance, representation of the inertial frame to the orbital frame the rotation in 

velocity space. For this seven-parameter set, the orbital dynamics are thus as follows: 

𝑑/𝑑𝑡 [

𝑒01

𝑒02

𝑒03

𝑒04

] =  
1

2
[

0 𝑤3 0 𝑤1

−𝑤3 0 𝑤1 0
0 −𝑤1 0 𝑤3

−𝑤 1 0 𝑤2 0

] [

𝑒01

𝑒02

𝑒03

𝑒04

]                                                                                                          (60) 

And    
𝑑

𝑑𝑡
[

𝐶
𝑅𝑓1

𝑅𝑓2

] =  
1

2

[
 
 
 
 

0 −𝑝 0

𝑐𝑜𝑠𝜆 −(1 + 𝑝)𝑠𝑖𝑛𝜆
−𝑣𝑅𝑓2

𝑉𝑟2

𝑠𝑖𝑛𝜆 (1 + 𝑝)𝑠𝑖𝑛𝜆
−𝑣𝑅𝑓1

𝑉𝑟2 ]
 
 
 
 

[

𝑎𝑟1

𝑎𝑟2

𝑎𝑟3

𝑎𝑟4

]                                                                                           (61) 

Here R=e C, e is the orbit eccentricity, Rf (.) are the components of vector R and e0(.) are the four Euler parameters 

which describes the rotation from the inertial frame to the velocity orbital frame. Also 𝑒01
2 + 𝑒02

2 + 𝑒03
2 + 𝑒04

2 = 1. 

[16] 

 

Measurement Models 

While the position space description is so widely used, adopt it for the measurement model. Taking into account 

the earth's cross section in the plane of the site's meridian, the observation site coordinates are measured in relation 

to the reference ellipsoid that approximates the earth's shape. Thus, the earth-based observation site's coordinates 

are given by: 

𝑅𝑐 = [

𝑋𝑐𝑐𝑜𝑠𝜃
𝑋𝑐𝑠𝑖𝑛𝜃

𝑌𝑐

]                                                                                                                                                                      (62) 

Here                                 𝑋𝑐 = [
𝑎𝑥

√1−𝑒𝑐
2𝑠𝑖𝑛2𝜑𝑇

+ 𝐻𝑇] 𝑐𝑜𝑠𝜑𝑟                                                                                                   (63) 
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𝑌𝑐 = [
𝑎𝑥(1−𝑒𝑐

2)

√1−𝑒𝑐
2𝑠𝑖𝑛2𝜑𝑇

+ 𝐻𝑇] 𝑐𝑜𝑠𝜑𝑟                                                                                                                                             (64) 

where ac, is the earth’s semi-major axis, ec is the earth’s eccentricity, HT is the observation site height/ altitude, 

𝜑𝑇is the site geodetic latitude, the longitude site is λT, the local sidereal time is θ and the site position vector is 

Rc. 

 

ρ=r-Rc provides the inertial frame components of the p from the site to the satellite. After that, the location is used 

to define the topocentric reference frame. The primary plane which is a plane parallel to the tangent plane to the 

earth's ellipsoid. Parallel to the equatorial plane is the direction of the x-axis. The direction of the z-axis is upward. 

The letters T1, T2, and T3 stand for these three directions. ET is the definition of the transformation matrix from 

the inertial plane to the T1, T2 and T3 frames. Consequently, the (T1, T2, T3) frame's components of 𝜌 are 

provided by.  

𝜌𝑇 = 𝐸𝑇𝜌 = [𝜌𝑇1 𝜌𝑇2 𝜌𝑇3]                                                                                                                                                (65) 

 The azimuth, elevation and range observables are given by 

𝐴𝑧 = 𝑡𝑎𝑛−1 𝜌𝑇1

𝜌𝑇2
                                                                                                                                                                         (66) 

𝐸𝑙 = 𝑡𝑎𝑛−1 𝜌𝑇1

√𝜌𝑇1+𝜌𝑇2
                                                                                                                                                                (67) 

𝜌 = √𝜌𝑥
2 + 𝜌𝑦

2 + 𝜌𝑧
2                                                                                                                                                                 (68) 

a) Configuration of System-Filter and simulation 

 

A SARSAT system uses a 2hour orbital period that is near earth, almost-circular, and polar (one round about the 

polar 

 

Zone of the earth) [3]. It is expected that the data can be obtained from a known-coordinate ground-based 

observation point. Range data chains, elevation, and azimuth that are accessible during a brief satellite transit over 

the location are the observables employed. AFMA with a USM U7 coordinate set and AFMA with an IC6 

coordinate set were the two filter setups that were examined. The updated measurement and temporal state 

estimates propagation are carried out in both the configurations using the seven-state of the USM and IC6. In this 

instance, the filter is implemented and the states propagation in time is carried out using the IC6 and U7 set.  

 

For research purposes, it is simple to code the OD estimating software in MATLAB. The impact of a priori process 

noise statistics and the number of observables on the precision of the position and velocity estimations these 

configurations produced are the two main topics of the study. All system filter setups for simulations and data 

generation included the geopotential perturbations, as shown in figure 3. Table 1 was used to determine the other 

characteristics.  

 

TABLE I.  ORBITAL PARAMETERS: 

Six elements Simulated 

orbits 

Estimated 

Semi-major axis (a) 7213 km 

 

7212.999 km 

Eccentricity (e) 0.01 

 

0.010088 

Inclination (i) 

 

98.9 deg 

 

98.906 deg 

Right ascension of ascending node 

(Ω) 

269 deg 

 

268.997 deg 

Argument of perigee (ω) 

 

203 deg 

 

202.998 deg 

True anomaly (υ) 

 

174 deg 

 

174.019 deg 
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Fig. 4. Simulated Satellite position and velocity 

Fig. 5.  

Data Fusion: 

In data fusion, the estimates from two different models or sources are combined. Here, the estimates from the U7 

and IC6 models are fused. [17] 

Weighted Fusion of States: 

                          x̂fused(tk+1) = w1x̂U7(tk+1) + w2x̂IC6(tk+1)                                                                                           (69) 

Where  𝑥̂𝑈7(𝑡𝑘+1) and 𝑥̂𝐼𝐶6(𝑡𝑘+1) are the estimated states from the U7 and IC6 models, respectively. 

𝑤1 and 𝑤2are the fusion weights, often based on the inverse of the error covariances: 

                      w1 =
PIC6

−1

PU7
−1+PIC6

−1 ,   w2 =
PU7

−1

PU7
−1+PIC6

−1                                                                                                                   (70) 

Fused Error Covariance: 

Pfused(tk+1) = (PIC6
−1 + PIC6

−1)−1                                                                                                                                         (71)               

Calculation of Position and Velocity Errors 

Once the fused state estimate x̂fused(tk+1) is obtained, you can calculate the position and velocity errors as: 

Position Error: 

𝑃𝑜𝑠𝑖𝑡𝑖𝑜𝑛 𝑒𝑟𝑟𝑜𝑟 = ‖rtrue(tk+1) − r̂fused(tk+1) ‖                                                                                                             (72) 

Velocity Error:                                               

𝑉𝑒𝑙𝑜𝑐𝑖𝑡𝑦 𝑒𝑟𝑟𝑜𝑟 = ‖vtrue(tk+1) − v̂fused(tk+1) ‖                                                                                                           (73)                                                

Where 𝑟𝑡𝑟𝑢𝑒  and 𝑣𝑡𝑟𝑢𝑒are the true position and velocity vectors at time (𝑡𝑘+1) 

7. Orbital Dynamics (Propagation of the State): 

Given the orbital elements a, e, i, RAAN, ω, θ propagate the state x(t) over time using Keplerian dynamics or a 

more detailed orbital model such as the Unified State Model (USM)         

x(t) = Propergation(x(t − 1), u(t), t)                                                                                                                          (74)                                                

where u(t) includes control inputs or disturbances. 
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These equations form the basis for implementing the AFMA Estimator with Particle Filtering and Data Fusion for 

satellite position and velocity error estimation given the orbital elements for U7 and IC6 trajectories. The practical 

implementation would involve using these equations within a MATLAB code structure, as outlined previously. 

 

RESULTS AND DISCUSSIONS 

 

The input parameters used to generate the RMSE position and velocity comparison plot between the Alpha Filter, 

Extended Kalman Filter (EKF), and Particle Filter (PF) for satellite orbit determination for the Time Steps 0 to 

100 (101 points), Sampling Rate 1 second (assumed uniform steps). Noise is modelled as gaussian and the 

simulated version implicitly assumes a moderate α of 0.5 leading to less reliance on noisy measurements compared 

to PF and more robustness than EKF in nonlinear conditions. The algorithms are tested with LEO satellite orbit 

data with Semi-major axis (a), Eccentricity (e), Inclination (i). Right ascension of ascending node (Ω), Argument 

of perigee (ω) and True anomaly (υ). 

 

 Figure 4 shows  Position and velocity RMSE Plots. Here it is obsrved that in EKF moderate, stable error with 

small fluctuations. In PF it is slightly better than EKF in many regions but with more noise.In case of  Alpha 

Filterwhich shows consistently lowest RMSE and best position estimation.. similarly in Velocity RMSE EKF has 

higher RMSE due to linearization errors. PF is better than EKF but with variation and Alpha Filter with lowest 

and most stable error with best velocity estimation. The Alpha Filter outperforms both EKF and PF in terms of 

accuracy for both position and velocity. It effectively balances model prediction and measurement updates using 

the tunable α parameter.  It is a robust choice for orbit estimation, especially in nonlinear or uncertain 

environments. 

 

 
Fig. 6. Comparision Time series plot of position and velocity RMSE  for Time Step: 100 
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Fig. 7. The RMSE vs Sampling Interval plot for the Alpha Filter 

Fig. 8.  

The RMSE versus Sampling Interval plot for the Alpha Filter is as shown in the figure 5 for 3sec,15sec and 60sec 

sampling interval. It is observed that a 3sec sampling interval gives the best estimation accuracy but is 

computationally expensive, 15sec interval offers a good compromise between performance and resource usage 

and a 60sec interval should be used with caution and only for stable orbits with slow dynamics. 

 

Table 2: Performance of EKF, PF, and AFME Under Varying Sampling Intervals 

Sampling 

Interval 

Nonlinear 

Filter 

Position RMSE 

(km) 

Velocity RMSE 

(km/s) 

Observations 

3sec EKF 

PF 

AFMA 

 

0.5 

0.3 

0.25

   

0.8 

0.6 

0.4 

Decent accuracy but sensitive to 

nonlinearities 

Better than EKF in nonlinear 

conditions 

Best accuracy and adaptive to noise 

15 sec EKF 

PF 

AFMA 

 

1.6 

1.0 

0.9 

   

2.0 

1.6 

1.2 

 

 

Degradation starts due to sparse 

updates 

Still robust, smoother than EKF 

Performs well with moderate 

sampling 

60sec EKF 

PF 

AFMA 

 

5.2 

3.8 

3.5 
 

 

4.5 

3.0 

2.8 

Poor tracking, divergence likely 

More stable than EKF 

Most stable at low data rates 

 

 

This analysis highlights the critical role of sampling intervals in determining the accuracy and robustness of orbit 

estimation algorithms. The performance of three filters—Extended Kalman Filter (EKF), Particle Filter (PF), and 

Alpha Family Method Estimators (AFMA) is evaluated under three representative sampling intervals: 3 seconds, 

15 seconds, and 60 seconds as in table 2. Therefore, AFME emerges as the most reliable and accurate filtering 
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approach for orbit determination, especially in scenarios with limited measurements, high nonlinearities, or sensor 

uncertainty. This makes it a strong candidate for next-generation space-based navigation and tracking systems. 

 

Integrating the Alpha Filter into the Particle Filter architecture is a potent modification that produces robust, 

adaptive updates from the Alpha Estimator and nonlinear, non-Gaussian capabilities from the PF. One effective 

method for combining several sensor measurements for reliable satellite orbit prediction in the presence of 

unknown noise and nonlinear dynamics is data fusion utilizing an Alpha Particle Filter. This hybrid filter allows 

for controlled trust between the system model and data by incorporating Alpha Estimator principles into the 

particle filter. Using the α parameter, the model and measurement are optimally balanced, resulting in the lowest 

error. The Alpha Family of Moment Estimators (AFME) is the most robust, accurate, and stable estimator across 

varying sampling intervals, making it highly suitable for modern satellite orbit determination systems, especially 

when dealing with nonlinear dynamics, noise, and measurement sparsity. 

 

A data fusion scheme that utilizes the AFMA estimators for unified state model U7 and IC6 orbital trajectories is 

presented in a state vector fusion mode, as if these two information-results are coming from two independent 

(fictitious sensors) channels as in Figure 5. The various metrics evaluated for continuous and discrete time systems 

using MATLAB based simulations and the performance graphs validate the efficacy of the scheme. S1, S2 are data 

channels and X1, X2 are the two estimates of the same state variable X.                                                                                                               

 
Fig. 9. Data fusion scheme for the joint Alpha family Method estimators. 

Fig. 10.  

The state vector data fusion for AFME’s are shown in the plots for time step 100 in figure 6 and the respective 

position and velocity error values are tabulated in Table2. Plots of the root mean square position and velocity 

errors show the effects observables as angles (E, A₂) and the angles with the ranges measured are combined. The 

position error plot in figure 6 signifies moderate oscillations, error typically around 0.5–1.2 ×10⁻⁴ km in U7. 

Highest fluctuation and peak errors (~1.5 ×10⁻⁴ km) using IC6. Finally, it is observed that fused Data consistently 

error is lower than both U7 and IC6 for time steps and error ranges ~0.3–0.9 ×10⁻⁴ km. U7 velocity error Oscillates 

between ~0.4–1.5 ×10⁻⁴ km/s. Similarly, the velocity error plot shows similar trend in U7 and IC6 coordinate sets. 

Again, consistently lower error using data fusion and error is below 0.5×10⁻⁴ km/s hence accurate velocity 

estimate. 
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Fig. 11. Time series plot of position and velocity error for Time Step: 100 

Fig. 12.  

Table 3: Time Step: 100 position and velocity error 

Orbital Trajectories Position Error in km 

 

Velocity Error in km/s 

U7 0.000099 km 0.000090 km/s 

IC6 0.000097 km 0.000054 km/s 

Fused Data 0.000083 km 0.000045 km/s 

 

The state vector data fusion for AFME’s are shown in the plots for time step 900 in figure 7 and the respective 

position and velocity error values are tabulated in Table3. It can be observed that the fused data has lower values 

of position and velocity errors when compared to the individual AFME’s for IC6 and USM -U7 coordinate sets. 

 
Fig. 13. Time series plot of position and velocity error for Time Step: 900 
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Table 4: Time Step: 900 position and velocity error 

Orbital Trajectories Position Error in km 

 

Velocity Error in km/s 

U7 0.000104 km 0.000094 km/s 

IC6 0.000092 km 0.000118 km/s 

Fused Data 0.000059 km 0.000081 km/s 

 

The state vector data fusion for AFME’s are shown in the plots for time step 900 in the figure 7. The respective 

position and velocity error values are tabulated in Table 4. It is seen that the fused data has lesser position and 

velocity errors when compared to the individual AFME’s for IC6 and USM -U7 coordinate sets. The fused 

trajectory demonstrates superior estimation accuracy for both position and velocity, achieving lower overall error 

magnitudes and less fluctuation over time. This plot validates that the data fusion approach is successful, 

improving performance compared to individual estimators U7 or IC6. 

 

CONCLUSION 

 

The problem of choosing an alpha-family method for approximation (AFMA)a suitable filtering method for the 

orbit determination application has been studied here. Position and velocity errors are evaluated using Root Mean 

Square Error (RMSE) metrics across time steps. The results demonstrate that the Alpha Filter consistently 

achieves lower RMSE values than both EKF and PF, offering superior estimation accuracy and smoother 

performance. While the EKF suffers from linearization inaccuracies and the PF shows higher variability due to 

particle randomness, the Alpha Filter effectively balances model predictions and measurement updates through a 

tuneable parameter α\alphaα, enhancing robustness. The findings indicate that the Alpha Filter provides an 

efficient and reliable alternative for real-time orbit determination, particularly in nonlinear and uncertain 

environments, where traditional filters may falter. The algorithms are tested with LEO satellite orbit data, and the 

simulation results demonstrate that AFMA gives better accuracy. The main reason is that the state equations and 

measurement equations for autonomous orbit determination system are significantly nonlinear as well as the non-

Gaussian errors. The asymptotic convergence analysis is carried out for the AFMA using Lyapunov’s energy 

functional, and stability conditions are arrived. This is a novel way of establishing the asymptotic stability of the 

discrete time AFMA via the use of the deterministic observer Also, data fusion at state vector level fusion (SVF) 

is illustrated by implementing two AFMA’s. The filter is implemented in MATLAB for satellite orbit 

determination and the results are provided. Data fusion at state vector level fusion (SVF) is illustrated by 

implementing two AFME’s for Fusion for satellite position and velocity error estimation given the orbital 

elements for U7 and IC6 trajectories. It is observed that that data fusion using AFME’s yields the best accuracy 

when compared to individual AFME for U7 and IC6 satellite orbit determination position and velocity errors. The 

RMSE errors are computed for the fussed data using AFME’s to determine the Fused Position and velocity Error’s 

using U7 and IC6 satellite trajectories. The Alpha Estimator modulates sensitivity to measurement noise and 

model errors via the α\alphaα parameter. This improves resilience to outliers or disturbances. Interpolates between 

optimal and robust estimates 
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